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Let G be any non-abelian group and Z(G) be its center. The non-
commuting graph ΓG of G is the simple graph whose vertex set is
G \ Z(G), with two vertices x and y adjacent whenever xy = xy.
We prove that if ΓG is isomorphic to the non-commuting graph of
the alternating group An (n 4), then G ∼=An . This result together
with a recent one due to Solomon and Woldar gives a complete
positive answer to a conjecture proposed in [A. Abdollahi, S. Akbari,
H.R. Maimani, Non-commuting graph of a group, J. Algebra 298
(2006) 468–492]: If S is any ﬁnite non-abelian simple group such
that ΓS ∼= ΓG for some group G , then G ∼= S .
© 2012 Elsevier Inc. All rights reserved.
1. Introduction and results
Let G be a non-abelian group and let Z(G) denote its center. The non-commuting graph ΓG of G
is the simple graph whose vertex set is G \ Z(G) and two vertices x and y are adjacent whenever
xy = yx. The non-commuting graph of a group was introduced by P. Erdo˝s in 1975 (see [10]), when
he posed a question on the size of the cliques of the graph. The non-commuting graph of a group
has been studied by many people (e.g., [1,2,6,8,9]). One of the problems about non-commuting graphs
of groups which has drawn the attention of several authors (e.g., [11,12]), is the following conjecture
proposed in [1].
Conjecture 1.1. (See Conjecture 1.3 of [1].) Let S be a ﬁnite non-abelian simple group and G a group such that
ΓG ∼= ΓS . Then G ∼= S.
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Theorem 1.2. Let n 4 be an integer and let G be a group such that ΓG ∼= ΓAn . Then G ∼=An.
By a recent result of Solomon and Woldar, Conjecture 1.1 is valid for all ﬁnite simple groups of Lie
type. This together with the main result of [7] and Theorem 1.2 shows that Conjecture 1.1 is valid for
all non-abelian ﬁnite simple groups S .
2. Proofs
Throughout this section, n 4 is an integer and G is a group such that ΓG ∼= ΓAn .
Lemma 2.1.
(1) |G| = |An|.
(2) N(G) = N(An), where for any ﬁnite group H,
N(H) = {n ∈N ∣∣ H has a conjugacy class C such that |C | = n}.
(3) If n 15, then G ∼=An.
Proof. (1) This is part (2) of Theorem 3.16 of [1].
(2) Since the set of vertex degrees of two isomorphic graphs are the same, part (1) implies that
the sets of centralizer sizes of groups G and An are the same. This completes the proof of part (2).
See also the proof of Theorem 3.24 of [1] to see that the multisets of conjugacy class sizes are even
the same for groups G and An .
(3) Suppose ﬁrst n = 4. By part (1), |G| = 12. Since there are only three non-abelian groups of
order 12 and only one of them, i.e. A4 has trivial center, G ∼=A4.
Now suppose n  5. A conjecture of Thompson states that if M is a ﬁnite non-abelian simple
group and G is a centerless group such that N(G) = N(M), then G ∼= M . Chen [5] has shown that
Thompson’s conjecture is valid for ﬁnite non-abelian simple groups M whose prime graph [13] is
disconnected. By [13], the prime graph of An is disconnected whenever n ∈ {p, p + 1, p + 2} for some
prime number p. Thus if n 15 and n = 10, then G ∼=An and by the main result of [11] the latter is
also valid for n = 10. 
We use the following well-known result in the proof of Lemma 2.3.
Lemma 2.2. Let g ∈An and suppose the cycle decomposition of g contains exactly ci = ci(g) cycles of length i
for each i ∈ {1, . . . ,n} so that n =∑ni=1 ici . Let z = n!(∏ki=1 ici ∏ki=1 ci !)−1 . Then for the size of the conjugacy
class gAn of g in An we have:
(1) If for all even i, ci = 0 and for all odd i, ci ∈ {0,1}, then |gAn | = z/2.
(2) In all other cases, |gAn | = z.
In particular, |gAn | z/2.
Lemma 2.3. Let n 16, g ∈An and c1 = c1(g) 4. Then |gAn | n(n − 1)(n − 2)(n − 3).
Proof. We use the following inequality:
ihh! 2 ih2 
⌊
ih
2
⌋
!,
where i, h are integers such that i  2 and h 0 except (i,h) = (3,1).
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∣∣gAn ∣∣ n!
(
2
n∏
i=1
ici
n∏
i=1
ci !
)−1
 n!
2 · 3 · c1! · 2
n−c1
2 (n−c12 !)
.
To complete the proof, it is enough to show that
(n − 4)! > 2 · 3 · c1! · 2
n−c1
2 
(⌊
n − c1
2
⌋
!
)
. (∗)
We prove the latter inequality by induction on n. Since c1  4, for n = 16 the inequality (∗) holds.
Suppose n > 16. We prove the inequality (∗) for n + 1 by supposing inductively that (∗) holds
for n.
Therefore
(n − 3)! > 2 · 3 · c1! · 2
n−c1
2 
(⌊
n − c1
2
⌋
!
)
n − 3
2
· √2 · √2
> 2 · 3 · c1! · 2
n+1−c1
2 
(⌊
n − c1
2
⌋
!
)
n − 3
2
√
2.
Since n−32
√
2 > n+1−c12 , we have
(n − 3)! > 2 · 3 · c1! · 2
n+1−c1
2 
(⌊
n + 1− c1
2
⌋
!
)
.
This completes the proof. 
Lemma 2.4. Let A be the pointwise stabilizer of a subset X of {1, . . . ,n} in An such that |X |  n − 4. Then
CAn (A) is equal to the pointwise stabilizer of {1, . . . ,n} \ X in An.
Proof. We see that Y = {1, . . . ,n} \ X is exactly the set of points moved by A, so any element a in An
that centralizes A leaves this set invariant. It follows that a = uv , where u ﬁxes all points in X and v
ﬁxes all points in Y . Thus v centralizes A, and since by assumption uv also centralizes A, it follows
that u centralizes A. But u is in A, so u belongs to the center Z(A) of A, which is trivial because
|Y | 4. Thus a = v , and thus a ﬁxes all the points in Y . Conversely, if a ﬁxes all of the points in Y , it
is obvious that a centralizes A. 
Proof of Theorem 1.2. We argue by induction on n. By Lemma 2.1, the result holds for n ∈
{4,5,6, . . . ,15}. We may assume that n 16 and suppose inductively that if 4m < n and ΓH ∼= ΓAm
for some group H , then H ∼=Am . Let φ :ΓAn → ΓG be a graph isomorphism. By Lemma 2.1, Z(G) = 1
and so φ is a bijective map from An \ {1} to G \ {1} with the property that xy = yx if and only if
φ(x)φ(y) = φ(y)φ(x) (x, y ∈An). We extend φ to An by deﬁning φ(1) = 1.
By [3,4] and part (1) of Lemma 2.1, it is enough to prove that G is a simple group.
Suppose N is a non-trivial normal subgroup of G . We shall prove that N = G . We prove our claim
in four steps.
(1) Let k n−4 be a positive integer. If A = StabAn (X) is the pointwise stabilizer of a subset X ⊆ {1, . . . ,n}
of size n − k, then φ(A) ∼=Ak.
If k = 1 or 2, there is nothing to prove. If k = 3, by Lemma 2.4 CAn (E) = A, where E = StabAn (Y )
and Y = {1, . . . ,n} \ X . Therefore CG(φ(E)) = φ(A). Thus φ(A) is a subgroup of order 3. Hence
φ(A) ∼=A3.
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we have ΓCAn (D)
∼= ΓCG (φ(D)) . Now, by induction CG(φ(D)) ∼= Ak . Therefore φ(A) = φ(CAn (D)) =
CG (φ(D)) ∼=Ak .
(2) If L = StabAn (X) is the pointwise stabilizer of any subset X ⊂ {1, . . . ,n} of size 4, then φ(L) ⊆ N.
Suppose G1 = φ(L). By part (1), G1 ∼= An−4 is simple and so G1 ∩ N = {1} or G1 ∩ N = G1. We
prove the latter is true. Suppose, by way of contradiction, that G1 ∩ N = {1}. Then |G1N| = |G1||N|
divides |G|. Therefore (n−4)!2 |N| divides n!2 . Thus |N| divides n(n− 1)(n− 2)(n− 3). Since N is normal,
it is a union of G-classes. By Lemma 2.3, N has a non-trivial element x such that φ−1(x) ∈ An ﬁxes
pointwise a subset S of {1,2, . . . ,n} of size at least 4. Fix Y ⊆ S with |Y | = 4, and let D1 be the point-
wise stabilizer of {1,2, . . . ,n} \ Y . Then D1 ∼=A4. Therefore [φ−1(x), D1] = 1 and so φ−1(x) ∈ CAn (D1).
By Lemma 2.4, CAn (D1) ∼= An−4. Now it follows by induction that An−4 ∼= CAn (D1) ∼= CG(φ(D1)) and
x ∈ CG(φ(D1)). Since CG(φ(D1)) is simple and x ∈ CG(φ(D1)) ∩ N ,
CG
(
φ(D1)
)∩ N = CG(φ(D1)).
Therefore CG(φ(D1)) ⊆ N and so N has a subgroup isomorphic to An−4. In particular, |N|  (n−4)!2 .
Thus
n(n − 1)(n − 2)(n − 3) (n − 4)!
2
, (∗)
since |N| divides n(n − 1)(n − 2)(n − 3). It is easy to see that for n  16, the inequality (∗) does not
hold, a contradiction. Hence G1  N .
(3) CG(φ(g)) N for all cycles g = (i, j,k) of length 3 in An.
We may assume that g = (1,2,3). Then CAn (g) ∼= A3 × An−3. By part (2) φ(〈g〉) and φ(Hi) are
contained in N , where Hi = StabAn ({1,2,3, i}) for each i ∈ {4, . . . ,n}.
By part (1), both φ(〈g〉) and φ(Hi) are subgroups of G . Now since 〈g〉 ∩ Hi = {1} and [〈g〉, Hi] = 1,
it follows from the graph isomorphism that
φ
(〈g〉)× φ(Hi) = 〈φ(〈g〉), φ(Hi)〉.
It is clear that φ(〈g〉) × φ(Hi) ⊆ CG(φ(g)) ∩ N .
Let Y =⋃ni=4(φ(〈g〉) × φ(Hi)). Then
|Y | = 3
(
|An−4|
(
n − 3
1
)
− |An−5|
(
n − 3
2
)
+ |An−6|
(
n − 3
3
)
− · · ·
)
= 3
(
(n − 3)!
2
− (n − 3)!
4
+ (n − 3)!
12
− · · ·
)
.
It follows that |Y | > 3 (n−3)!4 = |CG (φ(g))|2 and so 〈Y 〉 = CG (φ(g)). Therefore CG(φ(g)) ⊆ N .
(4) N = G.
Let h = (n − 2,n − 1,n) and g = (1,2,3). By part (3), CG(φ(g))CG(φ(h)) ⊆ N . Since
CAn (g) ∩ CAn (h) ∼=
〈
(1,2,3)
〉×An−6 × 〈(n − 2,n − 1,n)〉,
∣∣CG(φ(g))CG(φ(h))∣∣= 3 (n−3)!2 · 3 (n−3)!2
9 · (n−6)! .2
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|G : N| ∣∣G : 〈CG(φ(g)),CG(φ(h))〉∣∣< 2
and so G = N . This completes the proof. 
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